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THE SURFACE OF A SPHERE WITH 
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OCTAHEXON FIGURE





This article describes the tessellation of the spherical surface into a figure which has:


192 vertices;  


276 great circle arcs of equal length: 13(24878114, as edges 


80 spherical hexagons of three types,  


  6 spherical polygons, with 12 equal sides, shaped like a Greek cross 


The faces of  the Octahexon Figure, as it is called in this article, are defined by their dihedral angles:





type of�
number on�
internal dihedral angles- radians�
�
hexagon�
a sphere�
1�
2�
3�
4�
5�
6�
�
a�
8�
2.117918�
2.117918�
2.117918�
2.117918�
2.117918�
2.117918�
�
b�
48�
2.082634�
2.188399�
2.082634�
2.082634�
2.188399�
2.082634�
�
c�
24�
1.456768�
2.655122�
1.906388�
2.117918�
1.906388�
2.655122�
�
Greek cross�
6�
1.545430�
1.545430�
4.826417�
1.545430�
1.545430�
4.826417�
�
polygons�
�
1.545430�
1.545430�
4.826417�
1.545430�
1.545430�
4.826417�
�



The Octahexon Figure meets Euler’s requirement for consistency: 





 [# edges] = [# vertices] + [# faces-2]


[276]      =       [192]      +    [86 - 2]


It also satisfies Descartes’ Law of Closure: 





“The sum of the spherical excesses of all polygons of a sphere is equal to 4( radians”





components�
number�
spherical excess- radians�
�
 vertices�
�
�
�
�
8 ( 18 vertices  + 12 ( 4 vertices �
192 vertices�
�
�
�
edges�
�
�
�
Arcs, 13o24878114, edges of hexagons�
276 edges �
�
�
 faces	�
�
�
�
�
 �
each�
total�
�
8  ( (1 hexagon   type a ) �
  8 faces�
0.141137�
1.129094�
�
8 ( (6 hexagons type b)   �
48 faces�
0.140961�
6.766147�
�
12 ( (2 hexagons type c)   �
24 faces�
0.131335�
3.152047�
�
6 ( polygons type d )    �
 6 faces�
0.253181�
1.519085�
�
total faces  �
86 faces�
�
12.566371 = 4(�
�






�
GEOMETRY OF THE OCTAHEXON FIGURE





The Octahexon Figure is derived from the octahedron in the stages illustrated below:





�EMBED AutoCAD.Drawing.14���


The calculation of arcs, dihedral angles and coordinates of the Octahexon Figure and its checking is done in a procedure with five steps:


Step 1. Insert a regular hexagon on the faces of the spherical octahedron.


The octahedron has 8 faces, each an equilateral triangle, with dihedral angles 90o and arcs of 90o. Insertion of eight regular hexagons into these triangles derives a figure, which has:


24 vertices; 36 edges, (arcs  36o86989770), and 14 faces (6 squares, dihedral angles 96o96379372 and 8 hexagons, dihedral angles  131o810314).


Step 2. Inscribe hexagons with equal sides in the six isosceles triangles of the 131o810314 hexagon. 


The arc a is found by solving by iteration.


Step 3. Calculate arcs and dihedral angles of basic configuration of vertices


The application of spherical trigonometry formulas to the solution of the basic configuration of vertices of the Octahexon leads to the results illustrated on the diagram of triangulation of arcs and dihedral angles of a Octahexon, and shown in full in the  attached spreadsheet file octahexon.xls.


Step 4: Calculate co-ordinates of basic configuration;


With all the triangles of the basic configuration known, it becomes possible to refer all vertices to a set of spherical co-ordinates, and to transform these into Cartesian co-ordinates, as shown in  octacoordinates.xls.


Step 5: Validate all calculations.


With Cartesian co-ordinates for all vertices known, validation is achieved by computing the distance between pairs of vertices listed on an incidence table, showing how the vertices are connected. It is shown that all edges are equal to 13o24878114 in the attached spreadsheet file octacoordinates.xls


�
CALCULATION OF THE EDGE OF THE OCTAHEXON





The spherical octahedron divides the surface of a sphere into eight equilateral triangles. Each of these spherical triangles has 3 sides of 90o, and three dihedral angles of 90o. In it a regular spherical hexagon can be inscribed, with six dihedral angles, 131o810314, six sides, 36o869898. This arc is found by solving two triangles, p.a.d and c.p.a, as shown on the diagram, with the following results (given / find):





dihedral angles�
sides�
�
tri p.a.d�
<p�
<a�
<d�
a.d�
p.d�
p.a�
 �
�
�
90.000000�
60.000000�
45.000000�
54.735610�
45.000000�
35.264390�
degrees�
�
tri c.p.a�
<c�
<p�
<a�
p.a�
c.a�
c.p�
�
�
�
65.905157�
90.000000�
30.000000�
35.264390�
39.231520�
18.434949�
degrees�
�
Regular Hexagon: Side 36o869898 = 2 x 18o434949; Dihedral angle 131o810314 = 2 x 65o905157





The regular spherical hexagon, in turn, can be subdivided into twelve triangles type c.p.a . A triangle c.7.16 can be postulated such that its sides are:          a;          b= 39o23152-(a +asin(2sin½);        c=18o43494885-½a ;





Since cosa =cosb. cosc+sinb.sinc.cosA,  arc a, edge of the octahexagon, is found by solving the expression:





a = acos(cos(39o23152-(a +asin(2sin½a))).cos(18o43494885-½a)+sin(39o23152-(a +asin(2sin½a))).sin(18o43494885-½a)+.cos65o905516)





The result, found by iteration of the expression, is that the edge of the OCTAHEXON is arc a  = 13o2487811
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�
SPHERICAL TRIGONOMETRY





This procedure makes extensive use of spherical trigonometry. For the sake of clarity a review of the matter is given below.





A spherical triangle is defined by three dihedral angles A,B,C, and by three sides, arcs a,b,c, opposed to their respective dihedral angles. Given three of these the others can be calculated with the formulas below for the six possible cases:


Let the sides be a,b,c, the angles A,B,C, and their supplements a‘,b’,c’, A‘,B’,C’











CASE 1: GIVEN THREE ANGLES                                               Given A,B,C, find a,b,c�
�
�EMBED Equation.3����
�EMBED Equation.3����
�EMBED Equation.3����
�
CASE 2 GIVEN THREE SIDES                                                    Given a,b,c, find A,B,C�
�
�EMBED Equation.3����
�EMBED Equation.3����
�EMBED Equation.3����
�
CASE 3 GIVEN TWO SIDES AND INCLUDED ANGLE               Given A,b,c find a,B,C�
�



�EMBED Equation.3����
�EMBED Equation.3����
�EMBED Equation.3����
�
CASE 4 GIVEN ONE SIDE AND ADJACENT ANGLES …         .Given  a,B,C, find A,b,c�
�



�EMBED Equation.3����
�EMBED Equation.3����
�EMBED Equation.3����
�
CASE 5: GIVEN TWO SIDES AND ANGLE OPPOSITE ONE ….Given a,A,b find B,C,c�
�
�EMBED Equation.3����
�EMBED Equation.3����
�EMBED Equation.3����
�
CASE 6: GIVEN TWO ANGLES AND SIDE OPPOSITE ONE     Given a,A,B find b,c,C�
�
�EMBED Equation.3����
�EMBED Equation.3����
�EMBED Equation.3����
�






ARC BETWEEN TWO POINTS OF GIVEN SPHERICAL CO-ORDINATES: P1 ((1,(1)  and P2((2,(2)


�EMBED Equation.3����



TRIANGULATION OF THE OCTAHEXON FIGURE�
�
given / find�
�
dihedral angles�
 �
 �
arcs�
�
 �
�
tri p.a.d�
<p�
<a�
<d�
a.d�
p.d�
p.a�
 �
�
�
90.000000�
60.000000�
45.000000�
54.735610�
45.000000�
35.264390�
degrees�
�
�
1.570796�
1.047198�
0.785398�
0.955317�
0.785398�
0.615480�
radians�
�
tri c.p.a�
<c�
<p�
<a�
p.a�
c.a�
c.p�
�
�
�
65.905157�
90.000000�
30.000000�
35.264390�
39.231520�
18.434949�
degrees�
�
�
1.150262�
1.570796�
0.523599�
0.615480�
0.684719�
0.321751�
radians�
�
tri a.q.27�
<a�
<q�
<27�
g.27�
a.27�
a.g�
�
�
�
30.000000�
90.000000�
60.673878�
6.624391�
13.339467�
11.604353�
degrees�
�
�
0.523599�
1.570796�
1.058959�
0.115617�
0.232818�
0.202534�
radians�
�
tri c.6.14�
<c�
<6�
<14�
6.14�
c.14�
c.6�
�
�
�
65.905157�
60.673880�
54.613997�
13.248781�
12.643273�
11.810558�
degrees�
�
B,c,C�
1.150262�
1.058959�
0.953194�
0.231235�
0.220667�
0.206133�
radians�
�
tri c.3.7�
<c�
<3�
<7�
3.7�
c.7�
c.3�
�
�
�
48.189685�
41.733331�
91.453396�
13.248781�
11.810558�
17.901281�
degrees�
�
�
0.841069�
0.728384�
1.596163�
0.231235�
0.206133�
0.312436�
radians�
�
tri r.a..c�
<r�
<a�
<c�
a.c�
r.c�
r.a�
�
�
�
90.000000�
30.000000�
65.905157�
39.231520�
18.434949�
35.264390�
degrees�
�
�
1.570796�
0.523599�
1.150262�
0.684719�
0.321751�
0.615480�
radians�
�
tri q.b.27�
<q�
<b�
<27�
b.27�
q.27�
q.b�
�
�
�
90.000000�
29.531097�
61.155979�
13.535360�
6.624391�
11.830018�
degrees�
�
�
1.570796�
0.515415�
1.067373�
0.236237�
0.115617�
0.206473�
radians�
�
tri 16.b.27�
<16�
<b�
<27�
b.27�
16.27�
16.b�
�
�
�
62.693002�
60.468903�
58.170142�
13.535360�
13.248781�
12.931609�
degrees�
�
�
1.094199�
1.055381�
1.015261�
0.236237�
0.231235�
0.225699�
radians�
�
�
DIHEDRAL ANGLES OF FACES OF OCTAHEXON FIGURE�
�
 �
�
�
�
�
degrees�
�
�
�
�
�
hexagon a�
121.34776�
121.34776�
121.34776�
121.34776�
121.34776�
121.34776�
�
�
hexagon b�
119.32612�
125.38600�
119.32612�
119.32612�
125.38600�
119.32612�
�
�
hexagon c�
83.46666�
152.12728�
109.22799�
121.34776�
109.22799�
152.12728�
�
�
greek�
88.54660�
88.54660�
276.53334�
88.54660�
88.54660�
276.53334�
�
�
cross d�
88.54660�
88.54660�
276.53334�
88.54660�
88.54660�
276.53334�
�
�
 �
�
�
radians�
�
�
�
�
�
hexagon a�
2.117918�
2.117918�
2.117918�
2.117918�
2.117918�
2.117918�
�
�
hexagon b�
2.082634�
2.188399�
2.082634�
2.082634�
2.188399�
2.082634�
�
�
hexagon c�
1.456768�
2.655122�
1.906388�
2.117918�
1.906388�
2.655122�
 �
�
greek�
1.545430�
1.545430�
4.826417�
1.545430�
1.545430�
4.826417�
�
�
cross d�
1.545430�
1.545430�
4.826417�
1.545430�
1.545430�
4.826417�
�
�
�
�
�
�
�
�
�
�
�
polygon�
number�
excess�
total�
�
�
�
�
�
a�
8�
0.141137�
1.129094�
�
�
�
�
�
b�
48�
0.140961�
6.766147�
�
�
�
�
�
c�
24�
0.131335�
3.152047�
�
�
�
�
�
d�
6�
0.253181�
1.519085�
�
�
�
�
�
�
�
�
12.566372�
=4(�
 �
�
�
�






�
TRIANGULATION OF THE OCTAHEXON FIGURE





The diagram below illustrates the results of the triangulation calculations:





    DIHEDRAL ANGLES          |         ARCS





�
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SPHERICAL FIGURE





TABLE OF SPHERICAL AND CARTESIAN


 CO-ORDINATES OF VERTICES OF THE FIGURE 
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�
CRITERION FOR NUMBERING VERTICES





The vertices of the Northern Hemisphere of the Octahexon Figure are shown below. Vertices are numbered in order of increasing latitude, and for points with the same latitude, in order of increasing longitude. The numbers of their counterparts in the Southern Hemisphere can be obtained as follows:


(number of Southern Hemisphere vertex) = 199 - (number of Northern Hemisphere vertex)
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COORDINATES OF VERTICES OF THE OCTAHEXON FIGURE�
�
 �
spherical�
 in degrees�
�
Cartesian for R=1�
�
�
vertex �
latitude �
longitude�
x�
y�
z�
�
1�
0.00000000�
0�
0�
0�
1.000000000�
�
2�
8.66377020�
0�
0.150635736�
0�
0.988589336�
�
3�
8.66377020�
90�
0�
0.150635736�
0.988589336�
�
4�
8.66377020�
180�
-0.150635736�
0�
0.988589336�
�
5�
8.66377020�
270�
0�
-0.150635736�
0.988589336�
�
6�
20.52576529�
25.79135212�
0.315700501�
0.152556804�
0.936514610�
�
7�
20.52576529�
64.20864788�
0.152556804�
0.315700501�
0.936514610�
�
8�
20.52576529�
115.7913521�
-0.152556804�
0.315700501�
0.936514610�
�
9�
20.52576529�
154.2086479�
-0.315700501�
0.152556804�
0.936514610�
�
10�
20.52576529�
205.7913521�
-0.315700501�
-0.152556804�
0.936514610�
�
11�
20.52576529�
244.2086479�
-0.152556804�
-0.315700501�
0.936514610�
�
12�
20.52576529�
295.7913521�
0.152556804�
-0.315700501�
0.936514610�
�
13�
20.52576529�
334.2086479�
0.315700501�
-0.152556804�
0.936514610�
�
14�
33.61493125�
21.15681813�
0.516293200�
0.199809412�
0.832776999�
�
15�
33.61493125�
68.84318187�
0.199809412�
0.516293200�
0.832776999�
�
16�
33.61493125�
111.1568181�
-0.199809412�
0.516293200�
0.832776999�
�
17�
33.61493125�
158.8431819�
-0.516293200�
0.199809412�
0.832776999�
�
18�
33.61493125�
201.1568181�
-0.516293200�
-0.199809412�
0.832776999�
�
19�
33.61493125�
248.8431819�
-0.199809412�
-0.516293200�
0.832776999�
�
20�
33.61493125�
291.1568181�
0.199809412�
-0.516293200�
0.832776999�
�
21�
33.61493125�
338.8431819�
0.516293200�
-0.199809412�
0.832776999�
�
22�
38.37560908�
0�
0.620814104�
0�
0.783957810�
�
23�
38.37560908�
90�
0�
0.620814104�
0.783957810�
�
24�
38.37560908�
180�
-0.620814104�
0�
0.783957810�
�
25�
38.37560908�
270�
0�
-0.620814104�
0.783957810�
�
26�
43.53804311�
35.35919402�
0.561773462�
0.398629765�
0.724917159�
�
27�
43.53804311�
54.64080598�
0.398629765�
0.561773462�
0.724917159�
�
28�
43.53804311�
125.3591940�
-0.398629765�
0.561773462�
0.724917159�
�
29�
43.53804311�
144.6408060�
-0.561773462�
0.398629765�
0.724917159�
�
30�
43.53804311�
215.3591940�
-0.561773462�
-0.398629765�
0.724917159�
�
31�
43.53804311�
234.6408060�
-0.398629765�
-0.561773462�
0.724917159�
�
32�
43.53804311�
305.3591940�
0.398629765�
-0.561773462�
0.724917159�
�
33�
43.53804311�
324.6408060�
0.561773462�
-0.398629765�
0.724917159�
�
34�
51.62439022�
0�
0.783957802�
0�
0.620814114�
�
35�
51.62439022�
90�
0�
0.783957802�
0.620814114�
�
36�
51.62439022�
180�
-0.783957802�
0�
0.620814114�
�
37�
51.62439022�
270�
0�
-0.783957802�
0.620814114�
�
38�
55.82146660�
28.8062624�
0.724917159�
0.398629766�
0.561773462�
�
39�
55.82146660�
61.1937376�
0.398629766�
0.724917159�
0.561773462�
�
40�
55.82146660�
118.8062624�
-0.398629766�
0.724917159�
0.561773462�
�
41�
55.82146660�
151.1937376�
-0.724917159�
0.398629766�
0.561773462�
�
42�
55.82146660�
208.8062624�
-0.724917159�
-0.398629766�
0.561773462�
�
43�
55.82146660�
241.1937376�
-0.398629766�
-0.724917159�
0.561773462�
�
44�
55.82146660�
298.8062624�
0.398629766�
-0.724917159�
0.561773462�
�
45�
55.82146660�
331.1937376�
0.724917159�
-0.398629766�
0.561773462�
�
46�
58.91606623�
13.49202078�
0.832776997�
0.199809412�
0.516293204�
�
47�
58.91606623�
76.50797922�
0.199809412�
0.832776997�
0.516293204�
�
48�
58.91606623�
103.4920208�
-0.199809412�
0.832776997�
0.516293204�
�
49�
58.91606623�
166.5079792�
-0.832776997�
0.199809412�
0.516293204�
�
50�
58.91606623�
193.4920208�
-0.832776997�
-0.199809412�
0.516293204�
�
51�
58.91606623�
256.5079792�
-0.199809412�
-0.832776997�
0.516293204�
�
52�
58.91606623�
283.4920208�
0.199809412�
-0.832776997�
0.516293204�
�
53�
58.91606623�
346.5079792�
0.832776997�
-0.199809412�
0.516293204�
�
54�
66.50745366�
37.77384062�
0.724917159�
0.561773462�
0.398629764�
�
55�
66.50745366�
52.22615938�
0.561773462�
0.724917159�
0.398629764�
�
56�
66.50745366�
127.7738406�
-0.561773462�
0.724917159�
0.398629764�
�
57�
66.50745366�
142.2261594�
-0.724917159�
0.561773462�
0.398629764�
�
58�
66.50745366�
217.7738406�
-0.724917159�
-0.561773462�
0.398629764�
�
59�
66.50745366�
232.2261594�
-0.561773462�
-0.724917159�
0.398629764�
�
60�
66.50745366�
307.7738406�
0.561773462�
-0.724917159�
0.398629764�
�
61�
66.50745366�
322.2261594�
0.724917159�
-0.561773462�
0.398629764�
�
62�
71.59689222�
9.25212829�
0.936514610�
0.152556800�
0.315700504�
�
63�
71.59689222�
80.74787171�
0.152556800�
0.936514610�
0.315700504�
�
64�
71.59689222�
99.25212829�
-0.152556800�
0.936514610�
0.315700504�
�
65�
71.59689222�
170.7478717�
-0.936514610�
0.152556800�
0.315700504�
�
66�
71.59689222�
189.2521283�
-0.936514610�
-0.152556800�
0.315700504�
�
67�
71.59689222�
260.7478717�
-0.152556800�
-0.936514610�
0.315700504�
�
68�
71.59689222�
279.2521283�
0.152556800�
-0.936514610�
0.315700504�
�
69�
71.59689222�
350.7478717�
0.93651461�
-0.152556800�
0.315700504�
�
70�
81.3362298�
0�
0.988589336�
0�
0.150635736�
�
71�
81.3362298�
90�
0�
0.988589336�
0.150635736�
�
72�
81.3362298�
180�
-0.988589336�
0�
0.150635736�
�
73�
81.3362298�
270�
0�
-0.988589336�
0.150635736�
�
74�
78.47418603�
31.79749495�
0.832776996�
0.516293207�
0.199809408�
�
75�
78.47418603�
58.20250505�
0.516293207�
0.832776996�
0.199809408�
�
76�
78.47418603�
121.7974949�
-0.516293207�
0.832776996�
0.199809408�
�
77�
78.47418603�
148.2025051�
-0.832776996�
0.516293207�
0.199809408�
�
78�
78.47418603�
211.7974949�
-0.832776996�
-0.516293207�
0.199809408�
�
79�
78.47418603�
238.2025051�
-0.516293207�
-0.832776996�
0.199809408�
�
80�
78.47418603�
301.7974949�
0.516293207�
-0.832776996�
0.199809408�
�
81�
78.47418603�
328.2025051�
0.832776996�
-0.516293207�
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